ABSTRACT. Let X → P N be a smooth, linearly normal algebraic curve. We show that the asymptotics of the Mabuchi energy are completely determined by the discriminant polytope and the Chow polytope of X . From this we deduce a new and entirely algebraic proof that the Mabuchi energy of the rational normal curve of degree d ≥ 2 is bounded below along all degenerations. We conclude that the Moser-Trudinger-Onofri inequality also holds along all degenerations with a uniform lower bound depending only on d.
INTRODUCTION
Let X → P N be a smooth complex projective algebraic curve. Let ω = ω F S | X . In this paper we give the first complete description of the behavior of the Mabuchi K-energy of (X, ω) restricted to the Bergman metrics. This description is given in terms of the Xresultant (the Cayley-Chow form of X) and X-discriminant (the tangent hyperplanes to X). That the Cayley-Chow form appears in the K-energy is not new and is due to Gang Tian [42] . The authors' original contribution in this paper is that the dual variety also appears in the Mabuchi energy . In fact, it is the dual to X that reflects the presence of the Ricci curvature. The Chow form does not. This is what was missing in the literature, even in complex dimension one. The extension to higher dimensions will be pursued in a subsequent article.
Main Theorem Let X → P N be a smooth, linearly normal curve of degree ≥ 2 . Let R X denote the X-resultant (the Cayley-Chow form of X) . Let ∆ X denote the X-discriminant (the defining polynomial for the dual of X) 1 . Then the K-energy map restricted to the Bergman metrics is given as follows
Consequently, we compute the complete asymptotic expansion of the Mabuchi energy along all algebraic one parameter subgroups in terms of the Chow polytope and the Discriminant polytope (see (4.12) ). These polytopes play a huge role throughout the entire paper. We anticipate that they will play a decisive role in the field in the future. It also should be noted that there is no error term Ψ in (1.1), unlike the main results of Tian in [42] (Theorem 4.1 pg. 258), [43] (formula (8.16) pg. 34), as well Tian and the author (see [31] pg. 2564 Theorem 3.5). See also (2.2) below. In particular the Mabuchi energy restricted to the Bergman metrics is not a singular, or "degenerate" norm of the Cayley-Chow form of X, but simply the difference of two quite honest norms, one involving R X and the other ∆ X . Consequently the approach of the author is quite down to earth and focuses on concrete (tangents, secants, Gauss maps, etc.) constructions with smooth subvarieties of projective spaces very much in the spirit of F.L. Zaks' work . In fact, Zaks' "Theorem on tangents" (see Theorem 1.7 pg. 17 in [49] ) is fundamental to the authors' approach in higher dimensions. Hilbert schemes, degenerations and limit cycles, generalities concerning G-linearized line bundles, deformations to the normal cone, and the menagerie of numerical slope stability conditions that are ubiquitous in the literature are all completely unnecessary in the present article.
The new perspective in this paper is that the generalized Futaki invariant should not be considered as a number, but rather be interpreted as a pair of polytopes associated to any polarized manifold (X, L) → P N .
The polytopes in question are the discriminant and resultant polytopes of Gelfand, Kapranov and Zelevinsky (see [16] , [17] and [18] ) . The test configurations in the literature on K-Stability should be considered as linear functionals on these polytopes. The difference of the minima of these functionals is what controls the K-Energy map for any smooth algebraic curve. This should extend to higher dimensions. From our new point of view degenerating the variety is not necessary. The problem is to understand the relative positions of these polytopes. This does not require full knowledge of the X-resultant and X-discriminant, only their supports are relevant. We should point out that our expression (1.1) for the K-Energy map is given for all the Bergman metrics, not merely the diagonal ones. As we have mentioned, in the previous theory the norms that appeared were "singular" (see [42] ) . In the present work it shall be shown that for smooth plane curves these "singularities" are given by the dual variety. The methodology in this paper is to 1 We collect all of the basic definitions in sections 3 and 4. apply the geometric technique of George Kempf adapted to problems in geometric analysis . This adaptation is new and is due to the author (see [33] ). One concrete outcome of the extension of (1.1) to higher dimensional varieties would be an alternative definition of the generalized Futaki invariant and therefore also of K-Stability. This work is motivated by the Yau-Tian-Donaldson conjecture which states that a suitable notion of stability is equivalent to the existence of a canonical Kähler metric in a multiple of the class [ω] . The precise stability condition is lacking because a complete understanding of the Mabuchi energy restricted to the Bergman metrics is not available in the existing literature.
To emphasize once more the strength of our new results, in section 6 a completely algebraic proof, using the polytopes, is given of the Moser-Trudinger inequality along all degenerations of the rational normal curve X With some extra work this dependence can be removed, and will be carried out in a forthcoming paper.
BACKGROUND
Let (X, ω) be a compact Kähler manifold. Recall that X is Fano when the anticanonical divisor −K X is positive . A Kähler form ω representing the anticanonical class C 1 (X) is said to be Kähler-Einstein if Ric(ω) = ω. The existence of Ricci-Flat metrics in the case C 1 (X) = 0 has been established by S.T. Yau in his work on the Calabi Conjecture [48] . The case of negative curvature has also been resolved by Yau [48] and Aubin [4] , [5] in the 70's. Both authors follow earlier work of Calabi and reduce the problem to the solvability of a fully-nonlinear elliptic PDE of Monge-Ampere type the solvability of which reduces to establishing apriori derivative estimates of the solutions to an appropriate family of equations.
It has been known since the 50's that the Fano case is much more subtle, in that there are many examples where there is no Kähler Einstein metric. One requirement is the reductivity of η(X), the Lie algebra of holomorphic vector fields. This is due to LichnerowiczMatsushima [1] , [24] . In the 80's A. Futaki [14] , [15] introduced the now famous invariant that bears his name. This is also related to holomorphic vector fields and is defined as follows. On a Fano manifold X we can always choose a Kähler metric ω representing the first Chern class. This means that there is a potential function h ω such that Ric(ω) = ω + ∂∂h ω . Futaki introduces a map
He shows that this is independent of the Kähler class ω, and so is a holomorphic invariant, the Futaki invariant. Clearly this vanishes if X admits a Kähler Einstein metric. Based on these facts, it seemed reasonable to conjecture that the existence of a Kähler Einstein metric would be assured provided η(X) = {0}, since all known obstructions arose from holomorphic vector fields. This folklore conjecture turned out to be false. There is a compact complex Fano 3-fold with no holomorphic vector fields and no Kähler Einstein metric. This example was constructed by Gang Tian in [43] , it is a 3-fold discovered by Mukai [26] , [27] . In 1987 the existence problem for the case of Del-Pezzo surfaces 2 was settled in the affirmative by G.Tian [40] . The uniqueness question was answered by Bando and Mabuchi in [6] . Kähler Einstein metrics are unique up to the action of the identity 2 These are blow ups of CP 2 (the number j of points blown up must satisfy 3 ≤ j ≤ 8).
component of the automorphisms of M . The key player in the work of Bando and Mabuchi is the K-Energy map ν ω [23] . This is the natural action functional for the problem. A fundamental result proved by Bando and Mabuchi in [6] is that ν ω is bounded below on the space of Kähler potentials whenever a Kähler Einstein metric exists in the class [ ω ] = c 1 (X). On P 1 , to say that ν ω is bounded from below is the famous Moser -Trudinger Inequality ( [46] , [25] ) . In 1997 Tian refined this result and provided a necessary and sufficient condition for existence of Kähler Einstein metrics with positive scalar curvature in the case η(X) = {0}. He shows that existence not only forces ν ω ≥ 0 but a certain rate of blow up dictated by the Aubin functional J ω . This is called properness.
The current philosophy is that in order to detect the properness or boundedness of ν ω one restricts attention to the subspace of Bergman Metrics inside H ω (the space of Kähler potentials) as these metrics are dense in the smooth topology (see [41] , [37] , [50] , [8] ). These metrics are induced by the Kodaira embeddings furnished by large multiples of −K X (or perhaps some more general polarization L ) . It is when we restrict the Mabuchi energy to the subspaces defined by the Bergman metrics that we make contact with Mumfords' Geometric Invariant Theory. This fundamental discovery is due to Ding and Tian [9] . The main technical problem is to let σ = λ t , an algebraic one parameter subgroup, and analyze the small t asymptotics lim t−→0 ν ω (λ t ). It is this problem that we address in the present article, and completely solve for any smooth projective curve. In fact we first give a clean description of ν ω along all of the Bergman metrics, not just the ones associated to λ t . The description is given in terms of the X-resultant and the X-discriminant of Cayley and Gelfand, Kapranov, and Zelevinsky . That the X-discriminant appears in the Mabuchi energy restricted to 3 G is the fundamental contribution of this paper. The author is convinced that the entire story for curves will extend to higher dimensional smooth varieties.
In order to help the reader appreciate the new ideas in this paper, let us briefly recall the historical development of K-Stability and the generalized Futaki invariant. As we have mentioned, in 1983 Futaki ([14] ) introduced his invariant as a lie algebra character on a Fano manifold X. In 1986 Mabuchi (see [23] ) "integrated" the Futaki invariant with the introduction of the K-energy map. The linearization of the K-energy along orbits of holomorphic vector fields is shown to be the real part of the Futaki invariant. In 1992 Ding and Tian ([9] ) introduced the generalized Futaki invariant. Here the jumping of complex structures was introduced . The limit of the derivative of the K-Energy map was used to define the generalized Futaki invariant of X λ(0) ( the flat limit cycle of X under λ ) provided this limit had at worst normal singularities. In 1994 Tian expressed the K-energy map along the Bergman metrics of a hypersurface X F ⊂ CP n+1 as the logarithm of a "singular" norm of the polynomial σ · F , σ ∈ G (see [42] ) . In 1997 the CM polarization was defined (see [43] ) for smooth families, as the relative canonical bundle was explicitly involved in the definition. This is a direct generalization of Tian's work on hypersurfaces. In the same paper K-Stability is defined in terms of special degenerations and the generalized Futaki invariant. In 1999 Yotov formulated the generalized Futaki invariant in terms of equivariant Chow groups of a normal variety. In 2002 Donaldson ([10] ) defined the weight F 1 (λ) for an arbitrary scheme. This is identified with the limit of the derivative of the K-energy (by [9] ) when the limit cycle is a smooth (or normal) scheme. This is the definition adopted by most researchers in the field today . As a small sample the reader should consult the following interesting papers ( [3] , [36] , [38] , [39] , [2] , [22] , [52] and [21] ) . In 2004 the CM 3 In this paper G always denotes the special linear group. polarization was extended to the Hilbert scheme by the author and Tian. In particular the dependence on the existence of the canonical bundle was removed. This sheaf is G linearized . The corresponding weight of the action of any one parameter subgroup of G is shown to coincide with Donaldson's weight F 1 (λ). As a consequence we obtained unrestricted asymptotics of the Mabuchi energy in terms of F 1 (λ) provided X "moves in a good family" . This movement hypothesis captured the essential features of the situation for smooth hypersurfaces in a projective space studied by Tian in 1994 .
In all of these developments several issues stand out :
(1) The generalized Futaki invariant is a number.
(2) This number is defined through degenerating the variety X to the flat limit cycle X λ(0) .
(3) Computing the generalized Futaki invariant requires a fair amount of smoothness of the limit cycle. Unfortunately, this limit is almost always non-reduced at every point.
In order to appreciate the advances made in this paper, we discuss in more detail the previous approach of Tian and the author . In particular we describe all of the assumptions we imposed in [35] in order to analyze the limit of ν ω (ϕ λ(t) ) as t −→ 0. In this paper all of these assumptions are removed .
In [34] families X p −→ S of the following type were considered. X and S are smooth and closed.
(1) X ⊂ S × P N ; P N denotes the complex projective space of lines in C N +1 .
(2) p := p 1 : X → S is flat of relative dimension n, degree d with Hilbert polynomial P .
(3) L| Xz is very ample and the embedding X z := p
given by a complete linear system for z ∈ S.
(4) There is an action of G := SL(N +1, C) on the data compatible with the projection and the standard action on P N .
Below Chow(X S) denotes the Chow form of the family X S, µ is the coefficient of k n−1 in P (k), and M n is the coefficient of m n in the CGKM expansion of det(p 1 * L ⊗m ) for m >> 0 and A is a line bundle on S associated to the data (1)- (4) . A complete discussion of these notions is given in "CM Stability and the Generalized Futaki invariant I" . In order to reconcile Tian's notion of CM-Stability and Donaldson's concept of K-Stability, Tian and the author introduced the following.
As we mentioned above, the weight of any λ on this line bundle is F 1 (λ). Tian's arguments from 1997 were easily adapted to prove the following .
Theorem . (Paul-Tian [35] ) Let || || be any smooth Hermitian metric on L −1
.
4 Then there is a continuous function
Here c denotes a constant which depends only on the choice of background Kähler metrics on S and X, ∆ denotes the discriminant locus of the map p 1 , and ω| Xz denotes the restriction of the Fubini Study form of P N to the fiber X z .
The purpose of the definition and the theorem were to establish the following.
Corollary(Paul-Tian [35] ) (Algebraic asymptotics of the Mabuchi energy) Let ϕ λ(t) be the Bergman potential associated to an algebraic one parameter subgroup λ of G, and let z ∈ S \ ∆. Then there is an asymptotic expansion
. Moreover, ψ(λ) ∈ Q + if and only if λ(0)X z = X λ(0)z (the limit cycle 5 of X z under λ ) has a component of multiplicity greater than one. Here O(1) denotes any quantity which is bounded as |t| → 0.
To summarize,
(1) In order to compensate for the severe singularities of X λ(0) we hypothesized the existence of a larger, smooth family which contained a given (X, L) as a fiber.
(2) Even when we grant the movement hypothesis, there is an "error term" Ψ S in the expansion (2.2).
The last point is the most serious and has been for the most part completely ignored in the literature 6 . What one needs to understand is not F 1 (λ) but the total contribution F 1 (λ) + ψ(λ) . To do this it is necessary to understand ν ω along all of G, and then simply restrict to the λ's.
This paper is organized as follows. In section 3 we recall the standard energy functionals in Kähler geometry, in particular we recall the Mabuchi K-energy map as it plays a central role in the subject. We also recall the basic terminology of representation theory and See [28] pg. 61. 6 However, in the summer of 2006 Donaldson mentioned to the author that he was aware of the fact that F 1 (λ) was not the full contribution to the Mabuchi energy asymptotics.
geometric invariant theory that we require. In particular we define the weight polytope of a point v = 0 in a finite dimensional complex G module E . The reader should refer to this section as needed. In section 4 we describe all of our results and their interrelationships. We also discuss in detail several examples that illustrate the general theory. In section 5 we describe the algebraic and analytic aspects of Kempf's Geometric Technique. The analytic aspect of the technique is new and is the author's original contribution to the study of stability and canonical Kähler metrics. The main theorem of this article is a specific instance of the technique. The general situation has been worked out in my previous article [33] . The method is quite powerful within its domain of applicability and is the basis for the present paper. We will report on the higher dimensional applications in a subsequent series of articles. In section 6 we apply the Geometric Technique to space curves and thereby prove our main result (4.4). We use our main result to give a direct proof that the Mabuchi energy of the rational normal curve (i.e. P 1 in its Veronese embeddings) is bounded below along all degenerations λ. Section 7 is devoted to smooth plane curves X F ⊂ P 2 (and more generally smooth complete intesection curves) . Here we give a new proof of Tian's 1994 result (see [42] ) from the point of view of projective duality. This simplifies the complicated volume form computation in that paper. We give a complete description of Tian's "error term" Ψ. The description is given in terms of the discriminant ∆ F of F , and F itself. Section 8 is devoted to outlining our expectations in the higher dimensional case. We pose the question of establishing a "non-convex" numerical criterion.
3. PRELIMINARIES AND NOTATIONS 3.1. Energy Functionals in Kähler Geometry. Let (X, ω) be a Kähler manifold. We always set µ to be the average of the scalar curvature of ω and V to be the volume
The space of Kähler potentials will be denoted by H ω
The Mabuchi K-Energy, denoted by ν ω , is a map ν ω : H ω −→ R and is given by the following expression ∂∂h ω . In this case there is the following well known direct formula for the K-energy map.
is the Liouville energy of the curve.
3.2. Weights, Representations, and Polytopes. Let E be a finite dimensional complex rational representation of a complex torus H := (C * ) N . Let χ(H) denote the character group of H, these are algebraic homorphisms χ :
Therefore we make the identification
It is clear that χ(H) is a lattice of full rank in the N dimensional real vector space χ(H) ⊗ Z R. E decomposes under the H representation into weight spaces E χ E = χ∈χ(H) E χ t ∈ H acts on E χ by χ(t) .
Let v ∈ E be a nonzero vector in E then v decomposes into weight vectors
A one parameter subgroup of G := SL(N + 1, C) is an algebraic 7 homomorphism
Any such λ(t) can be diagonalised. That is, we may assume that λ(t) takes values in the standard maximal torus
The exponents m i satisfy
The space of one parameter subgroups will be denoted by Γ(H) . Recall that Γ(H) is dual to the space of characters . The duality is given as follows
In other words there is an isomorphism
then the weight polytope is the convex hull of all χ ∈ supp(v). This polytope is denoted by N (v) and is a compact convex integral polytope inside χ(H)
The integral linear functional corresponding to λ via the identification (3.4) will be denoted by l λ .
It is clear that w λ (v) is the unique integer such that
Let || || denote any norm on E. Then we have that
Basic to the authors' new approach to K-Stability is the following proposition whose (easy) proof is left to the reader.
Next we recall the Bergman Metrics associated to the embedding X → P N . These metrics are parametrized by G/K where K is the maximal compact subgroup of G.
In this way we produce a set theoretic map
whose image is, by definition, the space of Bergman potentials.
Definition 3. The Bergman metrics associated to the embedding of X in P N are given by
It is easy to see that ϕ σ is given by the formula
In the text, ν ω (σ) := ν ω (ϕ σ ), in this way we may consider the K-energy as a function on G.
STATEMENT OF RESULTS
Informally, some of the main results in this paper are the following, a more detailed and precise account appears below.
• A complete description of the Mabuchi energy along G in terms of discriminants (dual varieties) and resultants (Cayley-Chow forms).
• An asymptotic expansion along all degenerations in terms of the Chow and discriminant polytopes.
• The Moser-Trudinger inequality along all degenerations of the rational normal curve.
• An explicit description of Tian's error term Ψ for plane curves F in terms of the dual ∆ F .
Definition 4. ( The Dual Variety)
Let X n → P N be a smooth, linearly normal subvariety of degree d . The dual variety to X, denoted by X ∨ , is the variety of tangent hyperplanes to X
T p (X) denotes the embedded tangent space to X at the point p. It is an n dimensional linear subspace of P N . In general the codimension of X ∨ is equal to one. Classifying the exceptions to this is an open problem . The reader should consult the work of L. Ein ([12] , [11] ) . When X ∨ is indeed a hypersurface we denote (following Gelfand, Kapranov and Zelevinsky) the defining polynomial by ∆ X , which we shall call the X-discriminant .
n → P N be an irreducible, linearly normal subvariety of degree d . The Cayley-Chow form of X, denoted by R X , is "the" irreducible defining polynomial (which has degree d in the Plücker coordinates) of the divisor
The main result in the paper is the following. Theorem 4.1. Let X → P N be a smooth, linearly normal curve of degree d ≥ 2 . Let R X denote the X-resultant (the Cayley Chow form of X) . Let ∆ X denote the X-discriminant (the defining polynomial of X ∨ ). Then the K-energy map restricted to the Bergman metrics is given as follows
In the statement of the theorem || || denotes the standard norm on polynomials. Discussion. We may view the discriminant and the Chow form as concrete polynomials
The action of σ ∈ GL(N + 1, C) on these two polynomials is given by
Let τ ∈ C * and σ ∈ SL(N + 1, C). Then we obviously have that
Therefore the difference (4.4) is obviously scale invariant. Similarly we have the scaling transformation for the Bergman potential
Translation invariance of the Mabuchi energy then says that
The conclusion is that the identity (6.1) is actually valid on all of GL(N + 1, C). To put it another way, suppose one makes the ansatz that (using abbreviated notation)
for undetermined constants C > 0 and κ j . Then the fact that the Mabuchi energy is translation invariant forces the constants to satisfy
This is precisely what (4.4) says. In particular The Mabuchi energy restricted to G is not convex In our previous paper we have shown that Proposition 4.1. Let X F := {F = 0} → P 2 be a smooth nonlinear plane curve. Let ∆ F denote the discriminant of F . Then for all σ ∈ SL(3, C) we have
Putting these two together yields the following. denote the second Veronese image of P 1 . This is a quadric {Q = 0} in P 2 . Let ∆ Q denote the dual quadric. Then for all σ ∈ SL(3, C) we have the identity
∨ is a smooth curve, and smooth hypersurfaces are automatically semistable, we have the inequality
The point is that we do not assume the Moser-Trudinger inequality .
One of our main results in the paper (4.18) is an extension of (4.11) for SL(d + 1, C) for all d ≥ 2 provided we replace G by Γ(H), the space of one parameter subgroups of G. H is the standard maximal algebraic torus of G.
Definition 6. (Discriminant and Chow Polytopes) Let X → P N be a smooth linearly normal dually non-degenerate subvariety . The discriminant polytope of X is the weight polytope N (∆ X ) of the X-discriminant. The Chow Polytope is the weight polytope N (R X ) of the X-resultant (the Cayley-Chow form of X).
Therefore, as an immediate consequence of our main result we may deduce the following
Proposition 4.2. (Mabuchi Energy Asymptotics on Algebraic Curves)
There is an asymptotic expansion as |t| → 0
(4.12)
Therefore we deduce the following theorem Theorem 4.2. The Mabuchi energy of an algebraic curve X → P N is bounded from below along all degenerations λ ∈ G if and only if the discriminant polytope contains the scaled Chow polytope
Discussion . As we will remark on later in the paper, it is known that
g denotes the genus of the curve. Therefore we see that
Therefore, the Chow polytope "contracts" relative to the discriminant polytope as g −→ ∞. Discussion . When g ≥ 1 the Mabuchi energy is automatically bounded from below and our main result (4.1) implies at once the inclusion of the polyhedra. This inclusion is not obvious (to the author) due to the non-explicit nature of the dual to and Cayley-Chow form of a general curve of high genus. Simply put, there are no formulas for them. An interesting question is to show directly that the inclusion holds without using the K-energy. The author has no idea about how to do this. When g = 0 a lower bound on ν ω is quite non-trivial, this is essentially the famous Moser-Trudinger inequality (or a special case of the Bando-Mabuchi inequality ). Our main result says that the Moser-Trudinger inequality along degenerations is equivalent to this polytope containment. So it is worthwhile to prove that containment directly. This is carried out below. In the case of g = 0 unlike higher genera, there are explicit formulas for the dual to and Chow form of the rational normal curve. However, these formulas are incredibly complicated. For example, R X 1 4 has on the order of 350 monomials. 
whenever X λ(0) is smooth. We cannot overemphasize the fact that F 1 (λ) in general does not dictate the behavior of the Mabuchi energy, whereas ∆ X and R X always do.
Corollary (4.13) is particularly interesting when X is the rational normal curve
. We state this explicitly in the following proposition. 
The preceding proposition establishes the equivalence of a lower bound on the Mabuchi energy restricted to any λ and the polytope inclusion. Of course, by assuming either the Bando-Mabuchi theorem or the Moser Trudinger inequality the polytope inclusion (4.18) follows at once. In fact by using results of Gelfand, Kapranov and Zelevinsky (see [16] ) we can prove the reverse Consequently, an extension of (4.11) is derived for all one parameter subgroups λ :
where H is the standard maximal algebraic torus of G.
) and all |t| < 1 we have the uniform lower bound on the variational functional
Remark 2. Note that a considerable amount of positivity has been thrown away on the right hand side of (4.19) , that is, we actually have a much stronger inequality than (4.19 ). This will be dealt with this in a subsequent article.
When the genus g of the curve X is ≥ 1 we have the following theorem which follows from Mumford's verification of the stability of the Chow form of a space curve and Theorem 4.1 .
Theorem 4.5. Let X → P N be a smooth linearly normal algebraic curve such that deg(X) ≥ 2g. Then ∆ X is stable for the action of SL(N + 1, C) .
Let X F → P n+1 be a smooth (or normal) hypersurface. In 1994 Gang Tian proved the following result, which linked, for the first time, the semistability of a projective variety with the K-Energy map (and so with the existence of a canonical Kahler metric on X F ). An explicit formula was given for the term Ψ below (as a "singular integral" ) but the geometric content was obscure .
Theorem . (G. Tian 1994) (The K-Energy on hypersurfaces) Let X F → P n+1 be a smooth (or normal) hypersurface of degree d ≥ 2. Then the Mabuchi energy restricted to the Bergman metrics is given by the following
Moreover, the term Ψ B is bounded above and lim |t|→0 Ψ B (λ(t)) → −∞ whenever X λ(0) F has a component of multiplicity greater than one.
(4.20)
The following proposition reveals the geometric nature of the "error term" Ψ for plane curves.
Proposition 4.5. Let X F be a smooth plane curve. Then
In fact we prove something more general
be a smooth complete intersection. Let R F 1 ,F 2 ,...,F k denote the Cayley-Chow form of X and let ∆ F 1 ,F 2 ,...,F k denote the Xdiscriminant. Then for all σ ∈ G Tian's singular term Ψ(σ) is given by
Moreover, there is a constant C such that Ψ B ≤ C uniformly over G . Proposition 4.7. Let X F be any smooth plane curve 
This point of view is taken in the examples that follow, in particular for the rational normal curve X 1 d and smooth hypersurfaces X F , although in this paper we will consider the case of plane curves.
Recall that the rational normal curve of degree d is given by the image of the dth Veronese map
. Such an L arises as the kernel of a linear map A : C d+1 −→ C 2 of maximal rank 2. Let us write
is the classical resultant of two polynomials of degree d. This is the reason why R X is called the X-resultant. For example, when d = 3 we have
Let X F = {F = 0} be an irreducible hypersurface in P n+1 . Given A ∈ M (n+1)×(n+2) (C) with maximal rank. We set L := ker(A). Then L ∈ G(0, P n+1 ) and we have that
A(i) is the determinant of the (n + 1) × (n + 1) matrix obtained from A by deleting the i th column. Therefore, the Cayley-Chow form R F of a hypersurface is given by
Let H be the standard maximal torus of SL(n + 2, C), then
Therefore t acts on A(i) in the same way it acts on z i . Therefore
In particular, for all one parameter subgroups λ we have
Then F = Q a smooth quadric. We will see that the (scaled) Chow polytope cannot lie strictly in the interior of the discriminant polytope. This is due to the fact that ν ω is bounded below but not proper. Recall that
Then it is easy to see that
In this case the X 2 -resultant is just Q. We compute the discriminant of X 2 , which we denote by ∆ Q . It is a defining equation of the image of X 2 under the Gauss map.
Let [a : b : c] denote homogeneous coordinates on
Now we can compute the weight space decompositions of R Q and ∆ Q . The relevant torus
Similarly,
The polytopes are line segment along the y-axis in the plane
Example 2. (The twisted cubic curve)
Recall that the twisted cubic is the third Veronese image of
In this case the X-discriminant is given by The weights are seen to be
The X resultant is quite complicated and is given by Then
(4.31) Therefore, as predicted by the asymptotic expansion of the Mabuchi energy, we have the inclusion
Example 3. (The Fermat cubic in P 2 ) Let F (x, y, z) be any smooth cubic polynomial. Let [a : b : c] denote coordinates on P 2 ∨ . In this case there is a rather remarkable explicit expression, due to Schläfli, for ∆ F , the defining polynomial of the dual to the elliptic curve X F . First we define a polynomial V ((a, b, c) ; (x, y, z)) by
Now let F (x, y, z) = x 3 + y 3 + z 3 , the Fermat cubic. Then it is easy to see that
The corresponding weights are χ 1 = (6, 0) χ 2 = (3, 3)
The weights of the resultant are
Therefore, the Chow polytope is a triangle. According to (4.23) we should see that
The first and second inclusions follow from • − − − − − (12, 12) • (12, 12) • − − − − − (0,−12)
In figure 2 the large light grey triangle is 4N (F ), the black triangle is N (F ), the discriminant polytope N (∆ F ) of the Fermat curve is the dark grey triangle. The vertices of each triangle are located on the midpoints of the edges of the triangle containing it. This gives the complete picture of the behavior of the Mabuchi energy of X F along any degeneration λ in SL(3, C) . There are six cases to consider. In tables 1 and 2 below λ = (a, b) denotes the one parameter subgroup • − − − − − (12, 12) • . Of course we have that
In which case we may just take a = 1. Observe that for λ = (a, b) we have 
It is known that properness is independent of the Kähler class ω [43] . Tian has shown that on any compact Kähler manifold there are positive numbers β and C = C(β), such that for all ϕ ∈ H ω (X) we have The definition of α and the concavity of the logarithm imply at once that the following inequality holds
Therefore, ν ω is proper whenever µ ≤ 0, in particular we have that
This explains the last two rows of Tables 1 and 2 . This suggests the following conjecture Conjecture 1. Let X → P N be a smooth, linearly normal algebraic curve of degree d and genus g ≥ 1. Then
Vert(N (R X )) ⊂ supp(R X ) denotes the vertices of N (R X ) .
THE GEOMETRIC TECHNIQUE
This section is devoted to giving a brief account of the Geometric Technique. As the author understands , the method is due to many mathematicians. Those whose work stands out are: A. Cayley (1848), G.Kempf (1976), Gelfand, Kapranov, and Zelevinsky (1980's). The author has also learned a great deal about the method from the monograph of J. Weyman [47] , especially the "basic set-up" of chapter 5 and the wonderful paper "Chow polytopes and general resultants" (see [18] ) of Kapranov, Sturmfels, and Zelevinsky. An analytic modification of this method plays a vital role in the author's original approach to the TianYau-Donaldson conjecture. For more details see [33] .
5.1. Applications to Syzygies. Let X n → P N be a smooth linearly normal subvariety. We consider a parameter space S of "linear sub-objects" f of P N . That is, S may parametrize points, lines, planes, flags, etc. of P N . Consider the admittedly vague statement "The general member f of S has a certain order of contact along X" ( * * ) Let Z be the (proper) subvariety of those f ∈ S violating ( * * ).
Example A. (Cayley-Chow Forms)
We take S to be the Grassmannian of N − n − 1 dimensional linear subspaces of P
In this case the general member f = L of S fails to meet X. Therefore we take
Example B. (Dual Varieties)
Let S = P N ∨ the dual projective space parametrizing hyperplanes H inside P N . Bertini's theorem provides us with our "order of contact" condition. Namely, for generic H ∈ P N ∨ H ∩ X is smooth. Therefore we define
Observe that
The next example includes both A and B as extreme cases.
In order that U be open and dense in G(r; C N +1 ) it is enough to have r = dim(E) ≥ N + 1 − (n + 1) = N − n . Therefore we set r = N − l where 0 ≤ l ≤ n. Next let {E i } be a sequence in U converging to E ∞ ∈ G(r; C N +1 ) \ U. Then rank(π ∞ ) < N − n. Therefore, by the rank plus nullity theorem we have that
This motivates the following. Let X n −→ P N . Let 0 ≤ l ≤ n, S := G(N − l − 1, P N ) . Then we take Z to be
In this situation we denote Z by Z n−l (X). The reader should observe that Z 0 = {R X = 0} and Z n = {∆ X = 0}. Z 1 (X) plays a fundamental role in our study of the K-energy. This will be dealt with in the authors' forthcoming papers.
In all of our applications we may take S = C k for appropriate k. For example in A we may replace G(N − n − 1, P N ) with M (n+1)×(N +1) (C). In our applications Z has codimension one . Then Z ⊂ C k is an irreducible algebraic hypersurface defined by a single polynomial
Z is naturally dominated by the variety of zeros of a larger system {s j (p, f ) = 0} in more variables p. That is, Z is the resultant system obtained by eliminating the variable p. In our examples p ranges over X.
We define the incidence variety I by
In geometric terms (p, f ) ∈ I if and only if f fails to meet X generically at p (and possibly at some other point q ) . In examples A and B I has the structure of a sub-bundle S of the trivial bundle E := X × C k over X. Let Q be the quotient bundle. Then we have the short exact sequence of vector bundles over
Let p 1 denote the projection of E onto X. Then the projection π from E to Q gives (tautologically) a regular section s of p * 1 (Q) over E. The basic set up is pictured below.
In order to analyze O Z (i.e R Z ) G.Kempf's strategy is to simply consider the higher direct images under p 2 of ι
Since I arises as the base locus of
Let V be a holomorphic vector bundle on X. For f ∈ C k we consider the complex of (locally free) sheaves on X
The boundary operator is defined by interior multiplication with s(·, f ). Observe that this complex is exact whenever f / ∈ Z. Taking global sections gives a long exact sequence of finite dimensional complex vector spaces
(5.6) Proposition 5.1. Assume that the boundary operators depend polynomially on f , then there is an integer q (the Z adic order of the determinant) such that
Tor denotes the torsion of the based exact complex. See [17] appendix A pg. 480 .
Proposition 5.2. (The Z-adic order of the determinant .)
Assume that the boundary operators are linear in f , then the Z-adic order may be determined as follows
The previous two propositions taken together comprise the Cayley method of Gelfand, Kapranov and Zelevinsky. This aspect of the method is well known in algebraic geometry and commutative algebra.
To summarize, the algebraic method consists in applying the higher direct image functor R • p 2 * to the twisted Cayley-Koszul complex of sheaves resolving the structure sheaf of a desingularization I of the non-generic contact variety Z ⊂ C k . For a complete account see [17] or the more elementary 8 treatment [32] .
Applications to Energy Asymptotics.
The geometric technique for the computation of energy asymptotics consists simply in replacing the functor R
Let us explain the "functor" p * Ch
• ( · ) for discriminants. The quotient bundle Q is the bundle of one jets of O X (1). This is a rank n + 1 vector bundle over X. We shall denote this bundle by J 1 (O X (1) ). V is taken to be the trivial bundle. The first step is to extend the Cayley-Koszul complex to G × X. This is done merely by pulling back to the product
The point is that over the product the complex is naturally endowed with the family of Hermitian metrics
• (e) ) denotes the integral over the fiber of the double transgression of the Chern character of the complex. This is a smooth function on G. For complete details see [33] . The geometric technique for the computation of energy asymptotics culminates in the following theorem of the author.
Theorem 5.1. ( [33] ) Let X → P N be a smooth, linearly normal n dimensional subvariety. Let X ∨ be the dual of X. Assume that X ∨ is a hypersurface with defining polynomial ∆ X . Then
σ ∈ G (e denotes the identity in G) , || || is (essentially) the standard norm on the vector space of degree
Remark 3. The new element in the above is that we consider the Bott Chern class of a complex of vector bundles, not merely a formal linear combination of line bundles as exists in the literature (see [44] ).
Given X → P N , with dim(X) ≥ 2 . In a sequel to this paper we associate to X a closely related variety X l 1 ,l 2 ,...,l k where k ≥ 1 and l j ∈ N for all j,
..,l k has the property that it is always dually nondegenerate , moreover G acts 9 on P N (l 1 ,l 2 ,...,l k ) by automorphisms. Therefore we may apply the above result to the variety X l 1 ,l 2 ,...,l k and conclude
where
Now the crucial point is the following
The left hand side of (5.9) is an integral over X .
Remark 4.
For each choice of parameters (l 1 , l 2 , . . . , l k ) we have a hypersurface defined by {∆ X l 1 ,l 2 ,...,l k = 0}. This hypersurface gives the exact behavior along the Bergman metrics of the "associated action functional " D K • (l 1 ,l 2 ,...,l k ) . In particular, there are evidently infinitely many action functionals.
The main result of the present paper consists in working out the left hand side of (5.8) in the case of a smooth algebraic curve X embedded in a projective space by a very ample complete linear system. Of particular interest are the curves X 1 d , the rational normal curves of degree d ≥ 2.
K-ENERGY ASYMPTOTICS ON ALGEBRAIC CURVES
The main result of this paper (4.4) follows at once from theorem (5.1) and the following proposition.
Proposition 6.1. Let X → P N be a smooth, linearly normal curve of degree d ≥ 2 . Let R X denote the X-resultant (the Cayley Chow form of X) . Let ∆ X denote the Xdiscriminant (the defining polynomial for the dual curve). Then
be a local parametrization ofX, whereX ⊂ C N +1 \ {0} is the affine cone over X. The (w 1 , w 2 , . . . , w n ) are local coordinates on X. Observe that
locally trivialize the bundle
Note that e(w) spans O(−1)| X . In the algebraic geometry literature, the bundle of one jets is described in rather abstract terms, in our situation we can be very concrete.
There is an exact sequence of vector bundles on X.
Since we will need an explicit description of the maps we recall the construction . Below we abuse notation as follows. On the one hand π denotes the map
On the other hand we also denote by π the projection onto P
Finally we can define π in (6.2) by the formula (where π(v) = p )
The rationale for this follows from the fact that for all w ∈ C N +1 and α ∈ C * we have
Then H is a positive definite Hermitian form on
Therefore the standard Hermitian metric h C N +1 descends to ω ⊗ h F S on T 1,0 (X)(−1) . Then |e(w)| 2 represents the Fubini Study local metric potential. Therefore the Kähler form on X is given by
Define ψ i := (e, f i ). Then by f ⊥ i we mean the orthogonal projection of
Then with respect to the smooth basis
⊥ n } the matrix presentation of the metric H has the shape
Let H O be the matrix presentation with respect to {e; f 1 , f 2 , . . . , f n }, then it is easy to see that Assume that E is equipped with a Hermitian metric h. Then S acquires a metric by restriction and Q by the (smooth) isomorphism
The purpose of this section is to analyze the curvature F E in terms of F S and F Q . This is well known territory, but we need to be completely sure of the signs in all of our constructions. The reader completely at home with this should simply skip this section. D always denotes the unique holomorphic Hermitian connection.
Where we have defined
α is the second fundamental form of the inclusion 0 −→ S j −→ E .
In particular we have that
Then we have the basic curvature formula.
Proposition 6.4.
Now we return to our situation,
. In this case we have the identifications
The next proposition is crucial, it identifies the second fundamental form α, in particular it shows that α is metric independent.
Proposition 6.5.
Consequently,
Therefore α is holomorphic, β is parallel and the curvature operator reduces to
Proof. The proof is a straightforward computation. To begin
The matrix of connection forms is given by the usual rule
Therefore we have
(6.14)
By the same token
we are done.
From the above we have that
Therefore,
Since α takes values in S ⊥ we have
∨ is a rank two vector bundle and the action of the curvature operator is as follows .
F
E (e) = 0
Let ξ ∈ sl(N +1, C) and let σ = exp(ξ) ∈ SL(N +1, C). We introduce a one parameter family of metrics H t on J 1 (O X (1)) ∨ joining H = H 0 to H σ = H 1 by the rule
Where ϕ t is given by
By the Borel Serre identity (see [13] pg. 57 example 3.2.5 ) we have
Where F (t) := F (H t ) is the curvature tensor of H t and U (t) is the endomorphism
h 21ḣ 22
We have
−ḣ 11 h 12 +ḣ 12 h 11 .
(6.27) (6.22) shows that the curvature has the shape
In terms of ϕ t we have
(6.30) Therefore,
Putting everything together gives
As is well known (see [45] pg. 58 ) we have that
By definition of the Mabuchi energy (see (3.1)) we see that
Summing up we have
Next we require the following well known result. Theorem (Zhang [51] , Paul [30] ) Let X be an n-dimensional subvariety of P N , and let R X denote the X-resultant. Then
In the statement of the theorem we have defined G := G(N −n−1, P N ), the Grassmannian of N − n − 1 linear subspaces of P N . Therefore
Our workhorse theorem (see [33] Theorem 2.1 pg. 5 ) says that
There is one more step, namely to discuss the significance of the numerator (we already know that the denominator is the degree of the X-resultant) . A result of Beltrametti, Fania, and Sommese [7] allows us to identify the degree of the X-discriminant as the evaluation of the top Chern class of
From the short exact sequence
we deduce
This completes the proof of the main theorem. 
Recall that this is the classical resultant of two polynomials of degree d in one variable. We define the standard 10 Newton polytope of the resultant by
and we define the standard Newton polytope of the discriminant by
In [16] , Gelfand, Kapranov, and Zelevinsky have given the following characterization of the standard Newton polyhedra of the classical discriminant and result. Theorem (Gelfand, Kapranov, Zelevinsky [16] ) 10 As opposed to the weight polytope .
a) The standard Newton polytope of the classical discriminant is characterized by the following equalities and inequalities where 
we define mappings S and W R into R d+1 and R d respectively by the rules
We similarly define
) . By definition of the weight polytope, we have that
The inclusion (4.18) follows at once from the commutative diagram
Next we exploit a nice observation due to Nefton Pali (see [29] ) .
The left hand side of (6.49) is the Moser Trudinger variational functional. Define ψ λ(t) := log ω λ(t) ω , K ω := Scal(ω) . Then by (6.49) and (4.12) as t −→ 0 we have the following
(6.50)
The polytope containment (4.18) is equivalent to the lower boundedness of the right hand side of the above inequality. By studying the O(1) term in (6.50) we may deduce the following result as mentioned in the introduction, we leave it to the reader to supply the proof. + 1, C) ) and all |t| < 1 we have the uniform lower bound on the variational functional
Where ψ λ(t) is the conformal factor log
This completes the proof of our algebraic "Moser Trudinger Inequality".
Remark 5. This is the first example (with positive scalar curvature) in the literature where a lower bound on the K-energy map along all degenerations has been provided without appealing to the existence of a canonical metric.
THE GEOMETRIC CONTENT OF THE RELATIVE RICCI POTENTIAL Ψ
In 1994 Gang Tian linked, for the first time, the K-energy map with Mumford's theory of stability in Geometric invariant theory. Tian's basic result has been reproved and extended by many authors , a very recent notable paper in this vein is [3] . However none of these authors describe 11 the singular term Ψ B . This is due to the fact that most authors, with the exception of Lu, consider test configurations with smooth, or reduced fibers. In fact, Lu pointed out in his paper [20] that the asymptotic expansion of the Mabuchi energy of a smooth hypersurface does not depend on the limit cycle alone. Theorem (4.1) says that the central issue is to describe the Chow and discriminant polytopes. It is the discriminant polytope which resists passage to the limit. In fact, what (4.1) shows is striking: it is not important whether the limit cycle is smooth or singular. The purpose of this section is to describe Ψ B , introduced by Tian over 14 years ago, in terms of these polytopes. 11 In [20] Lu found the asymptotic formula for Ψ(λ(t)) .
Theorem (Tian [42] ) Let X F be a smooth 12 hypersurface in CP n+1 with defining polynomial F . Assume that d = deg(F ) ≥ 2. Then for all σ ∈ G we have
The "singular" term Ψ B is given by
Moreover, Ψ B extends to the locus of reduced hypersurfaces, is bounded above, and
, and ∆ denotes the discriminant locus.
Without much more work we can handle complete intersections as well, once again duality makes the computation almost trivial. The result below is essentially due to Tian [42] pg. 264. The reader should also see Lu's papers ( [19] , [20] ). Recent work in this direction, as we have mentioned, is due to Arezzo and VellaDova (see [3] ).
3)
∆ denotes the discriminant locus, and R F 1 ,...,F k denotes the Cayley-Chow form of X.
(7.4)
It is also clear that Ψ B ≤ C for some constant C.
As an immediate corollary we have Tian's asymptotic expansion 13 as t −→ 0 . 12 Tian actually considers hypersurfaces with at worst normal singularities . 13 Many authors seem to be unaware of this fact. It appears in [42] pg. 264. where ψ is given by the expansion Ψ B (λ(t)) = ψ(λ) log(|t| 2 ) + O(1) ψ(λ) ∈ Q ≥0 . (7.6)
In this paper we are interested in the case n = 1. Let's restate our main result (4.1) for complete intersection curves.
Proposition 7.1. Let X = X F 1 ,F 2 ,...,F k → CP k+1 be a smooth complete intersection. Let R F 1 ,F 2 ,...,F k denote the Cayley-Chow form of X and let ∆ F 1 ,F 2 ,...,F k denote the Xdiscriminant. Then for all σ ∈ G we have dν ω (ϕ σ ) = log ||σ · ∆ F 1 ,F 2 ,...,F k || As is clear from the definition, Ψ ≤ C for a suitable constant C. This implies the following containment relation. Corollary 7.3. Let X F 1 ,F 2 ,...,F k be a smooth complete intersection curve in P k+1 with d i ≥ 2. Then we have that
where the addition on the right hand side denotes the Minkowski sum of polytopes.
Proof of Theorem (7.1). The proof is a straightforward consequence of (6.39) and the following proposition. The proof of the preceding proposition rests on the Gauss map of X F 1 ,...,F k , together with lemma 8.1 from [33] . Recall that the Gauss map is defined by
(7.12)
Let Q denote the rank n + 1 quotient bundle over G(k, (C n+k+1 ) ∨ ). Then ψ F 1 ,F 2 ,...,F k appears by pulling back ω P l := c 1 (Q, h Q ) by ρ F 1 ,...,F k , where h Q denotes the standard metric. Next observe that The remaining details can be found in [33] .
Then we have (7.16) 14 "Refined" because the identity is valid on the form level, not merely in cohomology.
Recall that up to a bounded term the K-Energy map on X F 1 ,...,F k is given by Finally, use (6.39) to complete the proof.
Remark 6. This argument shows that what Tian actually proved in [42] was a statement about the relation between F 0 ω and the Chow form of X F , which, in codimension one, is F .
A CONJECTURE FOR HIGHER DIMENSIONAL VARIETIES
Based on the results for curves, I propose the following conjecture on the precise behavior of the K-energy map restricted to the Bergman metrics for X n → P N .
Conjecture 2. Let X n → P N be a smooth, linearly normal projective variety with degree d ≥ 2. Then there is a finite dimensional complex representation E of G and a "geometrically natural" homogeneous polynomial P ∈ C[E] such that dν ω (ϕ σ ) = log ||σ · P ||
"Geometrically natural" means that the polynomial induced by σX is σ · P . Non-Convexity and the Numerical Criterion . Let E 1 and E 2 be two finite dimensional complex rational representations of G. As usual G = SL(N + 1, C). Let P 1 ∈ C[E 1 ] and P 2 ∈ C[E 2 ] be two polynomials. G acts on these by the usual rule
Assume that for all one parameter subgroups λ : C * −→ G we have that log ||λ(t) · P 1 || for all σ ∈ G ? A solution to this would provide a "non-convex numerical criterion" . This nonconvexity seems to have been completely overlooked in the literature on K-Stability, but it is certainly there. This is part of what we prove in the case of curves. We cannot overemphasize that the numerical criterion is the bedrock of Geometric Invariant Theory. Therefore, the KStability is fundamentally different from Mumford's theory.
